Midterm Bl

Section 4

November 7, 2014

Consider the set of points (—2,2), (1,1) and (2,2) and the interpolating polynomial f(x), which is a 24
degree polynomial that passes through those points.

Problem 1 [15pt]: Write down f(x) as a Lagrangian polynomial.

Before anything, I do a quick qualitative sketch to see what’s going on.

Since we're told that f is a 2°¢ degree polynomial, we know that f is either a parabola, a line, or a
point. It’s clear from my sketch that it has to be a parabola opening upwards. If that’s the case, then for
f(x) = ax® + Bx + 7, we must have « strictly greater than 0. It turns out that this quick analysis will not
help us too much for this problem, but it never hurts to start with an idea of what’s going on. That way, if
I end up with something like &« = —2 in the end, I'll know that I messed up somewhere.

Now that we got that out of the way, let’s think of how we write a Lagrangian polynomial when given 3
points. For points (21, 1), (x2,y2) and (z3,ys), we have the formula

(x — x2)(x — x3) (z — 21)(z — 23) (z — 1) (x — 2)
(r1 — @2) (w1 — @3) Ty (x2 — x1) (w2 — 23) s (r3 — x1) (w3 — 22) W)

fx)=un

Notice how nicely the ”— x;” terms look stacked on top of each other like that. In the first fraction we
have x5 right over x5 and the x3 over the x3. The situation is similar for the other two fractions. Also notice
that f is a function of x. There are two z’s in each numerator. Some people made the mistake of substituting
point values in for the z’s in (1). That’s not good. Suppose we didn’t have any z’s in our expression. Then
(1) would just be a sum of constants, giving you some scalar C. You’d have f(x) = C, and there’s no way
that f(z) could go through the 3 points I drew horribly up top.

Also, notice that our sketch implies that if we multiply out (1) to get some expression f(x) = az?+Bz+7,
then « better be nonzero and positive. This can not happen if we don’t have two z’s in the numerators.
One other thing to note is that we’re given 3 points, and we have 3 expressions in (1). Look at where the y;
and x1’s appear in the first fraction. Look at how similar that is to yo and the zs’s in the second fraction.

Let’s take a second to think about how we could generalize (1) a little. That is, suppose we were given
four points, (z1,v1), (z2,y2), (z3,ys), and (24, y4) and we want a corresponding Lagrangian polynomial g(x).



Without knowing ”the formula” for a 4*" order Lagrangian polynomial, I'm just going to set it up the way
(1) is set up:

o (z—@9)(z —w3) (x — 1) (2 — x3) (z —21)(x — x9) (z=")(z=7)
9l@) =u (z1 — z2) (21 — 73) e (z2 — z1)(22 — 73) s (z3 — z1)(T3 — T2) " Y@= (2a=7)

If three points determines a 2"¢ order polynomial, it makes sense that four points determine a 34 order
polynomial. Then we’ll need something like this (z — a)(z — b)(z — ¢) in each numerator.

(x — z2)(x — x3)(x—7) (x — 1) (z — x3)(x—7) (x — 1) (x — x9)(x—7) (=) (z=7)(x=7)

(@1 — o) (@1 —w3) (w2 m)(@2—xs) O (ws—a)(@s—z2) O (2a=7)(@a=7)

9(w) =y

By analogy, I'm assuming there must also be extra terms in the denominator. Note that the first z; in
each denominator agrees with the y; in (1). We'll do the same thing here.

(x — x9)(x — 3)(x=7) (z —x1)(x — x3)(x=7) (x —x1)(x — x9)(2=7) (z=7)(z=7)(x=7)
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Now we just fill in the ?’s in the obvious way, taking care not to ever divide by zero ... ever.

(@ —m)(x —a3)(z — a4) (@ — a1)(x — 23)(x — 24)
9(@) =n (z1 — @2) (71 — 23)(21 — T4) e (z2 — 21) (22 — 23) (22 — $4)+
” (z — 1) (% — 22)(x — 34) (z — 21) (2 — x2) (2 — 73)
(z3 — 1) (23 — T2) (T3 — 74) (x4 — 1) (T4 — T2) (T4 — 73)

And we've just blindly derived the general form of a 4*" order Lagrangian polynomial by reason and
analogy alone. My point with this is that if you know the formula for a 15 order Lagrangian polynomial
given two points, then you have the resources to figure out the formula for a 2"d order Lagrangian polyno-
mial, given 3 points. You just have to be a little creative and notice the patterns.

Back to the problem. Technically, you could write this

(x — @5)(w — x3) (e—a)@—=25)  (2—a)(e )

xTr) = + +
H@) = ) @ — ) T 2w — ) (es —a) Y (s — 1) (w5 — )
I —2 Y1 2
where x| =11 and ya | =1 (2)
T3 2 Y3 2

and it would be a perfectly good answer. I'm surprised nobody tried that. Some people did this

(x—1)(z—2) x -
(—2-1)(-2-2) (14+2)(1-2) (2+2)(2-

flz) =2



and I thanked you for it. Most people reduced the denominators like this

(x —1)(z —2) +1($—|—2)(1‘—2) +2(a:+2)(x—1)

fla) =251 -~ : @

or this

f(x):(Jc—l)ﬁ(ac—2)_(x+2)3(x—2)+(a:+2)2(x—1) (5)

and it was only mildly annoying. Of course, if you were really high-speed, you did this

(z-1D(-2) (z+2)(z—2) n (x+2)(x—1)

f@) = 6 3 2
_x2—3a:—|—2_$2—4 2 4+r—2
N 6 3 2
11 1\ , 3 1 2 4 2
= _— = — —— — — _— = 6
(6 3+2>x+( 6+2)x+<6+3 2) (©)
Lot poe 2
=z z+ =
3 3
1, 2

and you ended up doing way more work than necessary. However, now we have f(z) in the form f(z) =
ax? + Bz + 7, where a > 0 just as we expected. At least if you went this far, you can double-check that
your result (i.e. f(z) = 2%/3+ 2/3) is consistent with the sketch.

If you (accurately) wrote anything like (2) through (6) above, then you should have been awarded 15
points. If you wrote down the general formula (1), then you more or less solved the problem. I need to
know, however, that you know which points go into each x; and y;. I tried to be fair and overlooked a lot of
algebraic mistakes. Most of these mistakes occurred after people had (correctly) written down (3)!

If you're taking an exam and you’re working on a problem like this, stop once you’ve reached (3).
Go work on other problems. If you still feel like cranking out calculations because you’re not sure what the
grader is looking for, come back to it after you've attempted all the other problems.



